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A Droposal Sor vhe mmupirical lVetermimation

af the Characteristic Funotion of a Game

Ernest W, Adems and R, Duncan Luoe

l. Introduction

I% is well known that von Neummun and Horgensteru [4 1 proposed
that the study of ii-person games be reduced to the studv of real-valued set
functions v, oailed _heracterisiis fumctions, which satisfy

i. v(@; = 0,

and 11, 4f R and § are disjoint subsets of In_. the s&t of n players,

then

v(RUI8) > v(R) + v(s).
Intuitively, the value v(R) represents numerioslly what ws may term the
"strength" of the coeli.lon R, The firet condition may be considerad as
etating that the nmuil set shall not be of any strategis consequencd, and the
gseoond, that a coalition formed fror disjoint sets R end S of players cen do
everything that R and S can do separately, end possibly more.

Two games v and v' on the set of players In ere called S-ejuivalent

Af there extsts a positive constant o and constunts L such that

@)= o' R) 4+ 2, a.
i€x -

It is argus? that two S-equivalient games are subjeot to the same strategio

oonsiderations sinse o changes only the soale,and the constants a, represent

e e e A= £ . = . LS e o e e e e e .
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amounte paid independently of the outocas of the game and may, in faot, be
paid bofore the gsme ever begins. All theories based on the characteristio
function are inwmriant under Seequivalenos.

One might imagine that theories based on sush a structure, conoceraned
8s they must be with the potential of various ccalitions pitted ons agsinst
ancther and with the way in which threats of ooalition change fimally determin»
the payoffs tc the players, would be of oonsiderable signifiomnoe in both
asoonomios and sociology; yet this has not been the osse. There annear to
be at least two major reasons, aside from the possibility that the charaocter~
istio funotion represeutation of oonflisct-of-intsrest situations may be too
simple ‘o ~oops adoquately with most of them. First, none of the published
and Milnor's reasonable ocutcomes L[ 3] ) purports to be a descriptive theory.

One of the present authors has put forward a theory whioh attempte to be

more desorintive f21 ¢ but uvndouhtedly §+ =il] have £o Be modd 3 had

more de ut: undonh ha be modifisd bofors it

is truly so. In any case, it would be quite imposeible «t present to determine
empirioally whather this, or any other theory, is an adequate desoriptive theory,
for with the excepcion of comtrived experimental situations (see for example

[1] ) it 1s not possible practically to ascertain the charscteristio functiom
of an existing situation. Thus, & second reacon that n-person game theory has
not been appl’iod ie that the only known way to determine <hs characteriatie
funoction of a gare is to cbtainm the normal form of the game snd then to make
elaborate oaloulations using the minimax thevrems Wot only is it moxb o ime

possibis %o find the normal form of a game in an existing situation bit, cone
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sidering the Lillions of strategies that are avellable in any reasonmably
oomplex situation. the minimax theorem c2louinticns would be out cof the
question.

A sathomatician cannot but have faith that ultimately the first
diffioulty will fall before ingenuity, tul it is not 80 clear that the second
= the empirioal = difficulty can be overoome. One appears to be in that pscuiiar
but not unovimon situation where the sroblex is sviwed 4m -rinciple, but where
it cannot bs handled practioally because the mathematiocal term “finite" dces
not necessarily meet tha oonputer:s prayer that 2% be smailes 7The purpose of
this uat; iz to point cut that possibly an approximate solution to this problem
oan be obtained by using a method no more cormplex than hose used to determine
e Approximation to the von Noumann snd lorgensisrn numeriocal utility =f a set
of aiternativees and, while this i1s empirically difficuit, it is vastly simpler
than dstermining the nermal form of a game and computing from it the character-
istio function.

2, The Froposul

Our ides is very simple: a perscn is required to report his prefer-
ences between pairs of possible ooelitions of pimyers, these preferences to
Ve based ou uis cvobmoeption of Lhelir relatlve strengihs. We shall disouss this

nora fully later. There is no assumption made that he kncws the underlying

cg

s thoory analysis of Atz he ouly states hi

[

normel form of the gams or ths
subjestive evaluaticus of coalitica strength - the svaluatfons which prosumably
govern Lis behavior. If these evaluations satiefy the von Neumarn and Morgen-

stern sxivis [4] snd one other plausible axiom, then we show thet there is &
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set functicn which is slcsely relatesd ic fhe utility Tunction determined by

the von Xeumion &nd Morgenstern axicms and whioch satisfies the two conditlisas

of a characteristio function. It is argued thut this my reasonably be taken as

the characteristis function which the player wsuwang the game to have snd =zocording

to whieh he acte-

It is intuitively olear that esch of thz plagsrs =y yleld a

different oharacteristio funotion; thie will bo Zisoussed in 8§35 .

1ot A be a set of alternatives arong which a person is to ohoose.

The set A my te extended in tho following way: If R, 8 € A snd if

0 < o« <1, then

<°(i., (1- o )8> is thoe prospect "altermative R with

probabllity of and alternatiwve S with probability 1~ & " Let K be the closure

of A under the operation <c( R, (i« & )S> o Lot " _J " be a relation definud

over K. (The rzlation —<{ will be interpreted to mean that if R, S € K, then

"R~d 8" if and only if the person imposing ~4{ on K prafars alternetive §

to alternative R,

danotes that. S ig

IfRandSaroindiffermtweﬁ-iaRNS.andu S
preferred or indifferent to R.,) If —4{ i3 & simple ordering

of K which satisfiz=z the von Neumann and Morgenstern axioms, nemely,
1, i¢R~S, thm B = {«RB, (1= )5}
2 1R}, thenR (&, (1~ & )s)
Se if R~4{ T —{ 8, then there exiets an o such that
(%R, Q- )E) = 1,
4. if R$= T %= 5, then there exists an of such that
(e(n. (1= )8 >— T,

be
6.

(e( R, (2~ )8) N <(1= ®)s, « R\
<§ <°( R, (1-0()3> (1~ )s> <o(PR. (1« ‘(B )s)

f. If RAs S, then <°<n, (1-:()1') ~n \e(-, u-c“z)

e L AR Tw—————
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then there exists a family 1( =% ) of real-valued functions dafined over K,
oalled utility functions, such that for each uZU( —f ), R and SE K, and
0< « < 1, the following oonditions are satisfied:
ie R={ § 4f and only if u(k) < u(s),
end it uw( (B (1-K)5) ) = &Kul®) + (1=  Juls)e
Tt can also bs shown that 1f u, u* & T{=4 } then u nnd u' are linearly
related, i.0., —f daterrines the utility function up %o & linear transformesion
Ihe problem now is to find & method to determine -4_ and to give a
plausible definition 62’ the characteristio function in terms of the utility
functions determined by = . To do this we shall let A bc the set of all sube .
gets of the set of. players In' Then wo have two closely related propossls as
to how —~{ may be determined over K, now the domain of riek situations invslving

ocoalitions.

An observer, pon?.bly one of the playurs of the gams, is required to
saport his ,&eferoncss in each possible pair of riek sfcuations under the fole
lowing asstmpticnss:

ie ii he onooses a coalition k then he will roceive the total pay.
went that R obtains from the situation in which ~R forms a oowlition end the
gamo is played between R and ~R: the nlternative !}_, the empty s=%t, ig taken
to mean non-varticipation, 1.@._, he will neither win nor lose by the choloep

ite 4if ha chooses <e( R, (1~ e()8> € E, tnen with probebility

ne is o meceive the t oxpocted from « choise of ocoalition K, and
of 3 paymons oxpo
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to reselive the revment: axnasted frowm & choioe

Let ={ denote the praference relation so induced on K.

Iaotuvitively, it does not seem unreasozable to suppose that e cone
sistent evaluation of ooalitlon strengih should cause —d to catisfy each of
+the von Neummpn-Morgenstern axloms. wWhile it is unreasonabis to expeot ithat
& people will actuelly be so consistent, one may hope that in some cases they
will be approximstely consistemt, in other words, that our model of a player's

subjoctive svaluation of r~alition strength is approximately correct.

If R and § are two non-overlapping coalitions in A, then the
expected payment to RUS 13 at least as much as the sum of the payments to
R and S geparately, Thus the alternative of receiving the proceeds of RUS
with & probability of  and not partiocipating with a probability of & should
be no less appealing than the alternative of receviving the proceeds ¢ the
ccalition R with a probability of & and receiving that of S with a probability
of 2, provided the wariance of the payrent is not reievant. Cur second proposal
doer not suffer from sush a wvariance effect. If this intuition is coriact,

then we may assume the further axiom

8. If B, SE€ 4 and RNE = §, then
- . » 2%
. Gr. i) = (¥cUs) #)
The sssumption that ths preferemocs relation -4 watinfies the

von Neurann and iorgenstern siinms impllies the exiatence of the set U(—( )

Iy

of utility fumocticns, It feliows immediately from axiom & and the properties

of the utility funotion that for axmy ugU( —¢ ),
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ifR, SE4 end 2{j8 = q ther.
() + u(s) £ u®s) + u}).

Suppose now, that we mossure the observer's svaiuation of the coali-
tion in terms ¢f deviations fron not partloipating in the gare at all, i.e.,
for vgU{ ~{ ), define

v(R) = ulk) -n(%).
It is sasy %o use the above result about u (o show that v is a charasteristie
function. Of ocourse, if u, u*€U( ~{ ), then u end u' are lincarly related,
and so the ocorresponding v ead v' differ only by a change of scale; hense they
are S-egquiwalent, Tt is actuzlly oonvenlsnt to enlarge this olasse Dziine
3(u) to be the set of all set functious

v.(!! : " E‘(R) .“(t)l + % 85

where o 1s & positive conatant and the a, 'z are constants,
Several theorems are easlly proved:
i, 1if v€cC(u), then v is a charncteristic funotion;
43. if vE€C(u), ther v*€C(uj if and only if
v?! ip S-equivalent to vj
113, 1f u, uw'€U( ={ ), then C(u) = C(u*}.
In addition to the intuitive considerations whioch suggest that the

véo(ajsithe =1and &, = 0, 1.0., v(R) = u(R) =u(0), is a suitable measure

1
of tho obaservor's evalustion of coalition stremngth, we can show this is the caas
4¢ he knows ths gams structure of the situatiocn and if he basas his evaluations
oa tha Specifioally, suppors the game is known in normsl form and

kaowiedge.

the charsmoteristic funcilon v iz determiznied Ly Lhe methed given by von Neumann

e et i . Pt # B
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and Horgenstern (4] . Let v be extexded from A to X by the following definmi-
tiom

v( {« 2, 1-%)5P) = o{v(R) + (2- K )vls)e
Now suppose the observer determines his preferencs relation acoording to ths
following (ratiomal) rule

R={ S if and only if v(R) { v(s).
It is not Aiffiocul: to show that ={ satisfies the von Newmnn and ¥crgeastern
axioms and exiom 8. and henoe a oless of utility functions U( ={ ) is dctermined
and 8o = clase C{u), u€U( =4 ), of S-equivalent characteristi
also determined. One cen resdil ly show that v €C(u): Thus, if a player evalu-
ates the situation according to the won Heumann and Morgenstesrn theery, our
proposed procedure will determine the olass of charactasristic functions Se-
equivalemt to v; and if all the players so svaluate the situation, this will
b5 isflectad in the faoct that &ll empir .ca.lly determined characteristio funotions
will ke Sesquivalent.

Proposal 2.

A3 befors, an obgerver is required to report his prefersnce ia esch
possible pair of risk situations, but ncw under ths asaswmptions:

ies 4if he chooses ocoalition R, he can expect to receiwr the average
wajue of payments to players in R, whore the game is played bLetwoen R and «R;
the alternative * is taken ts meen non-partic pation;

13. s=ame 23 in jwoposal 1;

Let =4 b5 ths prefercnce rziaticz so indused, which 5u genmeral will

not be the samc as the relation obtruinsd by the zsaumptions of proposal 1,

Ml e e S e SR RS
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Again it is plausible to assume a consistent evaluation of ooaliticn strength

will cause axioms 1 through 7 to be met eand, on the basis thd!RU 5, for dig-

joint R and S, is stronger than R or S separately. it is reasonable ¢o assume
S AfR, S€A and R(}5 = {, then

(R .3) L__ < lR' B _R‘Sls s>

where !R{ denotes the number of elemente in R. From axiom 9 it follows
imédiately that
it 8, SEA and B3 = §, then

‘u(RUS) _2 Ti%!'éT“(R) + -EP—_%‘)‘—S(u(S),

In this case we defira a class D(u), u€U( =), to consist of all
set funotions ‘

R) = I uw) - +
v(R) = o R} ] ulr) u(‘))] % g

where o i3 a positive constant and the a;'s are constants, In (iio case o =1
wday =0, v(e) = {B| [u® -())] io simp1y the sum of she sty
increases to players in R, Essentinlly the same theorems hold as in propcsal
1, namely:
i Af v€D(u), then v is & charmcteriatic funoction;
11, %2 v&D(u), then v'€ D{u)
if end omly if ¥° is S-squivalent %o v;

153, 4f u, w'€U( =4 }, then D(u) = D(n%):

iv. suppose & gaums is given whose characteristioc funotion v is exterded

to K a3 in proposel 1, and suppose we define - 50 that R ~ 8

-k
w7

vy

st s s o 8
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i# end only if %‘,‘!}. < %- tasm ~| satisflas exioms
1-7 and 9, It follows that U{ —{ ) S5 determinad, and v€D(u),

i s s <

where uéU( '—{ )o

e

e Discussion

There is little hope thet judgments of coalition strength by an
observer vill in fact satisfy either set of sight axioms, just as the first
seven are not generally striotly satisfied by s percon's commodity preferences.

The pertinent question is whether the model holds approximately and whether
the results so obtained, coupled with a desoriptive theory bassd am charaster-
fistic funotions, lead to suitable predicticns,
We ocan think of two other points which will surely be raised amd
. whioh it seenms appropriate to discuss. It may be objected that our determination
of the characteristis funsticn is entirely subjeoctive and that in all likeli.
hood it wculd have little relatioa to the characteristic function determined

from the norml form of the game, were we able to caloulats i, Iz ths jesssat

L

preseutations of game theory the sutjective faotors enter when the players
dotermine & utility funotica over the set of possible outoomes, and from these
a wigque cheracteristioc funoction is determined, It is mot at all obvious,
even Zor a porson swars ¢ the utility functions over the possible outoomes,
that s wlll behave in aococordanece with the von NeumumelMorgsnsterm theory. He

mey react to his eveluations of ooalition zltsrnatives more or lsas indspunde

outly of his evaluwstions of the outoomes of the game in normml form. But if

this is the oase, then 1% 45 & playsr®s subjeotive charesteristic function, and

R e il P —— 2B
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a0t the ckjactive ons of the game, whie‘l;mo.étmny detsriines his behavicr;
and #0 it will be needed for predictions of his bshavizr.

The last point may be relevant to account for one of the oute
standing results of a game experiment run at RAND [1] + Two different 4~
person oonstantesum games were eaoh presented to subjects in what amcunted o
s 0.1 redut;od forr and in anr Sesquivalent form. In both cases the data frum
the two S-equivalent games were strikingly different, though thecretiocally
both games require exactl)’ the same strategic ounsiderations. It appears frox
thess data that the subjects dealt reasonably adequately with the strategio
tutirea when the gamas were in the 0,1 reduced form, but that osrtain supere
£ioclal aspects of the mods of presentation led them to & filse evaluation of
ooalition strength when the games were presexted in the S-squivaient forms,
That is to say, probebly the subjects were not ir fact responding to the given
characteristic function at all, but to a subjective cne which they “derived®
from the given onos

A seoond objection whlch can be raised, and one which is of wvital
importance, is that there is 1ittie romson to hope thav two differemt observers
of the games situation will heve oveluations of coalltion strengths which lead
tc the same or Seequivalent characteristin gfunstions, Should two different
#valuations arise, none of th_o ocurrent tiwories will be appliceble since they
deal only with a unique characteristic funstion. It is not at rll certain that
this is a oriticism of ths present proposal rather thas al: chservation that game
theory, as a desariptive theory, may bs over-simple, at least with regard to

the curront assunption that all players respond to the ssme characteristio

U -
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funotion derivcd fron their different evelvations of passible Hutcomes.

These recarks suggest that there may bs 2 need for two theoretical
developmente, First, sssuring that esach player of a gamn bages his actions
in the situation on Lhie own characteristic function, *2 equilibrium theory
desoridbing the payrmunts and scalitions which may be expectsd should be
developed. Seoond; tha notion of the normmi form of a gome shiould be modified
in such & way that one can derive from it a diztincet sharacteristioc funotion

for sach pisyer. &Such a theory pvrcbably shculd include as a specizl case the

:

isurgnn 2nd Vorgenstern reduction of tha normal form to a sinale characisr-
istis fmotions One simple poszivllity is to assume that each of the players
has his own utility funotion over the possitle outscusa and that hae has beliefs
as to the vtility functions of the other players, beliefs which will in general
be in error., This assumption results in an chjecotive normalised game and

for sach of the piayers a fictional game winich iz the ons he believes to exist,
Assundng wiat sacsh player responds only to hiz beliefs, there is assoolatad
with him the chmsracueristic function of the Lfisctiomal gsme. If each of the
flotional games is identissl to the objeotive game, then the theory roduces to

the von Neumsrn und lorgenstern one.

N
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